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Linear Algebra Problems in Section 2.8, 4.3, and 4.4
Section 2.8
33. If Q is a 4 x 4 matrix and Col Q = R4, what can you say about solutions of equations of the form Qx = b for b in R4?
If Col Q = R4, then the columns of Q would span R4.  For Q that is a square, it will be invertible as indicated by the IMT and the equation Qx = b will give a solution for each b in R4. Besides, the solution will be unique as indicated by theorem 5. 
35. What can you say about Nul B when B is a 5 x 4 matrix with linearly independent columns?
With the columns of B being linearly independent, the equation Bx = 0 will have only the trivial solution, i.e., Nul B = {0}
Section 4.3
Determine which sets in Exercises 1–8 are bases for R3. Of the sets that are not bases, determine which ones are linearly independent and which ones’ span R3. Justify your answers
1. ,	 ,	 
Yes, this matrix is a base for R3 because it has three pivot positions. Besides, it is invertible based on IMT with its columns making the basis for R3.
3. ,	 ,	 
No, the matrix is not a base for R3. It is linearly dependent and does not span R3. 
5.  ,   ,  ,  
No, the matrix is not a base for R3 and but it is linearly dependent because of the zero vector in the set. Since it has pivots in each row, its columns span R3.
7. ,	 
No, the matrix is not a base for R3. However, the vectors are linearly independent because neither of them is a multiple of the other. Besides, they do not span R3. It can have two pivots at most because it has only two columns.
Find bases for the null spaces of the matrices given in Exercises 9 and 10. Refer to the remarks that follow Example 3 in Section 4.2
9. 
Let the matrix be A, such that A =  and find the general solution of the free variables.
[AO] = 
Applying R3 → R3 – 3R1, ~ 
Applying R3 → R3 – 2R1, ~
Therefore, the general solution is: x1 = 3x3 -2x4, and x2 = 5x3 – 4x4. X3 and x4 are free variables
x→ =  =   = x3  + x4 
= x3u→ + x4v→where, u→=  and v→ = 
Every linear combination of u→, v→ is an element of Nul A.
Thus, the base of matrix given will be as follows:
, 
11. Find a basis for the set of vectors in R3 in the plane x + 2y + z = 0. [Hint: Think of the equation as a “system” of homogeneous equations.]
First the equation is rewritten as x = -2y – z
Therefore, the solution to the system is x = -2y-z with y and z being free variables. The vector giving the solution can be decomposed into a linear combination with the weights of the free variables as follows:
 = 
= y + z
Every linear combination of the vectors ,  is an element in the plan.
As a result, the basis of the set of vectors of R3 in the plane x + 2y + z = 0 will be:
, 
In Exercises 13 and 14, assume that A is row equivalent to B. Find bases for Nul A and Col A.
13.  A = , B = 
Since A is row equivalent to B, 
≈ 
In matrix B, we can use operations
In column 3, C3 = C3-6C1- 5/2C2
In column 4, C4 = C4 – 5C1- 3/2C2
B = 
B = 
Therefore, columns A corresponding to nonzero columns in B are C1 and C2 and will form the basis for Col A and they are as follows
: { }
Nul A = {x: Ax = 0}
Nul A = = {x: Bx = 0}
Then we solve the system of equations for Bx = 0
  = 
 = 
The variables are more than the equations and two of them x3 and x4 of them will be free variables.
X1= 
X2= 
 = 
 + 
 x3 +  x4
Therefore, every column in A is a linear combination of  the set of vectors ,  and form a linearly independent set.
The basis of Nul A is given by:
Nul A = , 
In Exercises 15–18, find a basis for the space spanned by the given vectors, v1,...., v5.
15. , ,  , 	,	
This requires us to find the basis for the column space and gives the columns to be v1, v2, and v4
19. Let v1 =  ,	v2 =  	v3 =  	and H = Span{v1, v2, v3}. It can be verified that 4v1 + 5v2 - 3v3 = 0. Use this information to find a basis for H. There is more than one answer
In Exercises 21 and 22, mark each statement True or False. Justify each answer.
Any of them is linearly dependent.
Let v3 = 1/3 (4v1 + 5v2 - 3v3). This gives the assumption that v3 is linearly dependent on v1 and v2. This assumption can be tested as follows:
Let v1 + v2 = 0



Thus, v1 and v2 are linearly dependent and span H and are bases of H.
21. a. A single vector by itself is linearly dependent.
False, unless it in the zero vector
      b. If H = Span {b1,…,bp},  then {b1,…, bp} is a basis for H.
False, they may not be linearly independent.
      c. The columns of an invertible n x n matrix form a basis for Rn.
True, they are linearly independent and span Rn
    d. A basis is a spanning set that is as large as possible.
False, if too large, it will not be linearly independent.
    e. In some cases, the linear dependence relations among the columns of a matrix can be affected by certain elementary row operations on the matrix.
False, they are not affected.
22. a. A linearly independent set in a subspace H is a basis for H.
False, it may not span.
      b. If a finite set S of nonzero vectors spans a vector space V , then some subset of S is a basis for V.
True
      c. A basis is a linearly independent set that is as large as possible.
True
      d. The standard method for producing a spanning set for Nul A, described in Section 4.2, sometimes fails to produce a basis for Nul A.
False, it never fails.
      e. If B is an echelon form of a matrix A, then the pivot columns of B form a basis for Col A.
False, one must look at the corresponding columns in A.
23. Suppose R4 = Span {v1,…,v4}. Explain why {v1,…,v4} is a basis for R4.
The set of vectors is a basis if it spans the vector space and is linearly independent. Consequently, basis is minimal generating set and maximal linearly independent set.
Let A = [v1 v2 v3 v4] then A is square and its columns span R4 & since R4=span{v1,v2,v3,v4}. So its columns are linearly independent by IMT.
25. Let v1 =  ,	v2 =  	v3 =   and H be the set of vectors in R3 whose second and third entries are equal. Then every vector in H has a unique expansion as a linear combination of v1; v2; v3, because  = s  + (t-s) +  for any s and t. Is {v1; v2; v3} a basis for H? Why or why not?
No, for the vectors to be a basis of H, {v1, v2, v3} should be a spanning set of H. However, the given condition indicates that H must have these vectors in R3 whose second and third entries are equal. As a result, v1 and v3 will not span H.
27. Let V be the vector space of functions that describe the vibration of a mass–spring system. (Refer to Exercise 19 in Section 4.1.) Find a basis for V.
When a mass m is placed at the end of a spring and the mass pulled downwards and released, the mass-spring system will start to oscillate. The displacement from its resting position will be given by the following function:
y (t) = c1 Cos t + c2 Sin t
is a constant that depends on the spring and the mass.
The vector space that describe the vibration a spring-mass system is given by the function 
V = {y (t)/ y (t) = c1 Cos t + c2 Sin t} where c1 and c2 are scalar quantities.
Therefore, every motion y (t) in V can be expressed as a linear combination of the functions Cos t and Sin t.
Set V is spanned by the vectors {Cos t and Sin t}
The functions, Cos t and Sin t are linearly independent and span the vector space V. Therefore, they form a basis for the vector that space that describes the vibration of the spring-mass system.
29. Let S = {v1,....,vk} be a set of k vectors in Rn, with k < n. Use a theorem from Section 1.4 to explain why S cannot be a basis for Rn.
Let A be the n x k matrix. Since A has fewer columns than rows, there cannot be a pivot position in each row of A. By Theorem 4 in Section 1.4, the columns of A do not span Rn and thus are not a basis for Rn.
Exercises 31 and 32 reveal an important connection between linear independence and linear transformations and provide practice using the definition of linear dependence. Let V and W be vector spaces, let T: V → W be a linear transformation, and let {v1,....,vp} be a subset of V
31. Show that if {v1,....,vp} is linearly dependent in V, then the set of images, {T (v1),…, T (vp)}, is linearly dependent in W . This fact shows that if a linear transformation maps a set {v1,…,vp} onto a linearly independent set {T (v1),…, T (vp)}, then the original set is linearly independent, too (because it cannot be linearly dependent)
If {v1, v2, …, vp} is linearly dependent, then there exist c1,c2, …,cp, not all zero, such that c1v1 + c2v2,+ …. cpvp = 0.
Applying linear transformation on both sides of the equation, 
T (c1v1 + c2v2+ …. cpvp) = T (0).
C1 T (v1) + c2 T (v2) + … Cp T (vp) = 0
Since the scalars, c1 c2, ….cp are not all zeros, the set {T (v1), T(v2),…T (vp)} is linearly dependent.
Hence the set of vectors {T (v1), T (v2)…T (vp)} in W is linearly dependent.
Section 4.4
In Exercises 1–4, find the vector x determined by the given coordinate vector [ x ] and the given basis .
1.  = , }, [x] = 
The vector x determined by the coordinate vectors [ x ] and the basis B = {b1, b2} is:
X = c1b1 + c2b2
In this case,  =  and b1, b2 is , }
The required coordinate vector x is:
x = (5) + (3) 
=  + 

= 
Therefore, the required vector is x = 
 = , }, [x] = 
The vector x determined by the coordinate vectors [ x ] and the basis B = {b1, b2, b3} is:
X = c1b1 + c2b2 + c3b3
In this case,  =  and b1, b2, b3 is , , 
The required coordinate vector x is:
x = (3) + (0) + (-1) 
=  +  + 
= 
= 
Therefore, the required vector is x = 
In Exercises 5–8, find the coordinate vector [x] of x relative to the given basis  = {b1,...,bn}
5. b1 = , b2 = , x = 
The idea is to find the coordinate vector [x]of x relative to the basis of B = {b1, b2}
The vector x determined by the coordinate vectors [ x ] and the basis B = {b1, b2} is:
X = c1b1 + c2b2
In this case, x =   =  and b1, b2, is , 
Based on the equation X = c1b1 + c2b2, 
C1.  + c2.  = 
 = 
 =
This can be solved by row operations and gives c1 = 8, and c2 = -5
Therefore, the required coordinate vector [x]
7. b1 = , b2 = , b3 = , x = 
The idea is to find the coordinate vector [x]of x relative to the basis of B = {b1, b2, b3}
The vector x determined by the coordinate vectors [ x ] and the basis B = {b1, b2, b3} is:
X = c1b1 + c2b2 + c3b3
In this case, x =   =  and b1, b2, b3 is , , 
 Based on the equation X = c1b1 + c2b2 + c3b3,
C1.  + c2.  + c3.  = 
 = 
= 
This equation can now be solved by row operations.

R2 → R2 + R1
R3 → R3 + 3R1

R3 →  R3 = 
R1 = R1 + 3R2 = 
R1 = R1 – 2R3 = 
Therefore, the solution of the system is c1 = -1, c2 = -1, and c3 = 3
Thus,  = 
The required coordinate vector is [x]
In Exercises 9 and 10, find the change-of-coordinates matrix from  to the standard basis in Rn.
9.  = , }
Let b1 =  and b2 = 
The standard basis for R2 is the set with vectors S = , }
Expressing b1 and b2 as linear combinations of vector S will be as follows:
b1 =  = (2)  + (-9)  and b2 =  = (1)  + (8) 
b1 =  and b2 = 
{b1,b2} = 
Therefore, the change of coordinates matrix B to the standard basis in Rn is {b1,b2} = 
In Exercises 11 and 12, use an inverse matrix to find [x] for the given x and 
 = , }, x = 
P
P-1
P-1
Because, P-1 converts x→ into the B coordinate vector, 
[x]P-1 x→ =  
[x]
13. The set  = {1 + t2; t + t2; 1 + 2t + t2} is a basis for P2. Find the coordinate vector of p(t) = 1 + 4t + 7t2 relative to .
 = {1 + t2; t + t2; 1 + 2t + t2}
p(t) = 1 + 4t + 7t2
a(1 + t2) + b (t + t2) + c (1 + 2t + t2) = 1 + 4t + 7t2
a + at2 + bt + bt2 + c + 2ct + ct2 = 1 + 4t + 7t2
(a + b + c) t2 + (b + 2c)t + (a + c) = 1 + 4t + 7t2
Two polynomials are the same if they have equal coefficients of the corresponding degree. Therefore,
(a + b + c) = 7, (b + 2c) = 4, and (a + c) = 1. This can further be solved by augmented matrix.
 ~  ~  = 
The coordinate vector of p (t) relative to = 
In Exercises 15 and 16, mark each statement True or False. Justify each answer. Unless stated otherwise, is a basis for a vector space V.
15. a. If x is in V and if  contains n vectors, then the  coordinate vector of x is in Rn.
True, the statement follows the definition of coordinates
       b. If P is the change-of-coordinates matrix, then [x] = Px, for x in V.
False, if Pis the change-of-coordinates matrix, the by definition, x = P[x]Multiplication by P-1 the solution is [x]P-1 x
      c. The vector spaces P3 and R3 are isomorphic
False, the vector spaces P3 and R4 are the ones that are isomorphic.
16. a. If B is the standard basis for Rn, then the B-coordinate vector of an x in Rn is x itself.
True
       b. The correspondence [x] →x is called the coordinate mapping.
False
       c. In some cases, a plane in R3 can be isomorphic to R2.
True
17. The vectors v1 = , v2 = , v3 =  span R2 but do not form a basis. Find two different ways to express  as a linear combination of v1, v2, v3.
When coefficient of v3 = 0
Let, ,  be scalars such that v1 + v2 + v3 = 
Given that  = 0,
 = 
 + 2 = 1
-3 + 8= 1
 + 6 = 3
-3 + 8= 1
14




Hence, when the coefficient of v3 is zero, the way to present the vector as a linear combination is 
3/7v1 + 2/7 v2
21. Let  = , }, Since the coordinate mapping determined by B is a linear transformation from R2 into R2, this mapping must be implemented by some 2 x 2 matrix A. Find it. [Hint: Multiplication by A should transform a vector x into its coordinate vector [x]
Suppose  = {b1, b2} where b1 =  and b2 = .
The two vectors in are not scalar multiples of each other, so they are linearly independent in R2.
Therefore, the set  forms the basis for R2
Let xR2
The coordinates of x relative to the basis of are the weights c1 and c2 such that;
 x = c1  + c2 
This is equivalent to 
Therefore, x = P [x]
The columns of P forms the basis for R2 thereby making it invertible.
Multiplication by P-1converts x into B- coordinate vector.
P-1x = [x]
The required matrix A is P-1given by A = 	
Exercises 23–26 concern a vector space V, a basis b1,...,bn}, and the coordinate mapping x→[x]
Show that the coordinate mapping is one-to-one. [Hint: Suppose [u]w] for some u and w in V, and show that u = w.]
Let V be a vector space and supposes that  B = {b1,....,bn} which will be the basis of the vector space V while x is V. The coordinates of x with respect to basis B are the weights c1,...cn such that x = c1b1+,...+Cnbn
If c1,...cn are the B- coordinates of x, the vector I Rn will be as follows:
[x]
Now suppose [u][w]for some u, w in V. We can prove that u = w.
Since u, w in V and B{b1, b2,...bn} is a basis of V, it can be written as follows:
U = p1b1 + ,....pnbn
W = q1b1 + ..... qnbn
Since, [u] =  and [w] = 
P1 = q1, p2 = q2, and pn = qn
(p1...pn) = (q1...qn) and thus u = w
Hence, if [u][w]for some u, w in V, u = w and the coordinate mapping x→[x]is one-to-one.
[bookmark: _GoBack]In Exercises 27–30, use coordinate vectors to test the linear independence of the sets of polynomials. Explain your work.
27.  1 + 2t3, 2 + t - 3t2, -t + 2t2 – t3
To test for linear independence, we can rewrite the equations as follows
1 + 2t3 = 1 + 0. t + 0. t2 + 2. t3	
2 + t - 3t2 = 2 + 1.t – 3.t2 + 0.t3
-t + 2t2 – t3 = 0 + -1.t + 2.t2 -1.t3
The coordinate vectors corresponding to the given set of polynomials are:
(1, 0, 0, 2), (2, 1, -3, 0), (0, -1, 2, -1)
By writing these vectors as column of matrix A, we can establish their independence by row reducing the augmented matrix for Ax = 0
This appears as follows:

R2 = R2 + 2R1
R3 = R3 – R1
~ 
R3 = R3 + 2R2
R4 = R4 – R2
~ 
The above matrix has a pivot in the first and second columns of the reduced matrix A and thus its columns are linearly independent.
31. Use coordinate vectors to test whether the following sets of polynomials span P2. Justify your conclusions.
      a. 1 - 3t + 5t2, -3 + 5t - 7t2, -4 + 5t - 6t2, 1 – t2
The set of coordinate matrices derived from the polynomials is as follows:

Apply row operations
R2 = R2 + R1
R3 = R3 – 5R1

R3 = R3 + 2R2

R2 = -¼ R2

R1 = R1 + 3R2

As seen from the row reduced echelon form of matrix A, the matrix has pivot positions in the first two rows but not in the third row. Therefore, it does not span vector space P2. 
Therefore, the set of polynomials {1 - 3t + 5t2, -3 + 5t - 7t2, -4 + 5t - 6t2, 1 – t2} does not span the vector space P2.
b. 5t + t2, 1 - 8t - 2t2, -3 + 4t +2t2, 2 - 3t
The set of coordinate matrices derived from the polynomials is as follows:

Apply row operations
Interchange R3 with R1

R2 = R2 + (-5) R1

R3 = R3 + (-1/2) R2

½ R2
2/7 R3

To get zero above the second pivot, the following row operations are used:
R1 = R1 + 2R2
R2 = R2 + 3/2R3

R1 = R1 + 3R3

From the row reduced echelon form of matrix A, the matrix has pivot positions in all the rows of the matrix. Therefore, the original four vectors of matrix A span the vector space P2.
Therefore, the given set of polynomials, {5t + t2, 1 - 8t - 2t2, -3 + 4t +2t2, 2 - 3t} span the vector space P2.
 












